This study examines bias in a term-structure model of commodity prices in specifying the true stochastic dynamics of underlying spot price. The bias is quantified by comparing the model estimated by the conventional method of estimating all model parameters simultaneously with a panel of futures prices and the model estimated by an alternative method of estimating model parameters in two steps. In this alternative approach, a subset of model parameters is first estimated on the first difference of observed futures prices so that these parameters are free from bias in specifying deterministic price variation and the dynamics of the underlying state variables. In the second step, the remaining model parameters are estimated on the futures price equations, while holding the parameters estimated in the first step. Empirical applications to four commodities (gold, crude oil, natural gas, and corn) reveal that the two-factor model widely considered in the literature is subject to a misspecification bias of substantial size. Out-of-sample forecast test indicates that, for three of the four commodities considered, the model estimated by the sequential method yields a considerably more accurate price forecast than the model estimated by the simultaneous method.
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Introduction
Recent increase in the level and volatility of oil, metals, and other primary commodity prices has raised the importance of a better understanding of the stochastic properties of these commodity prices and tools to hedge against price risks. Stochastic dynamics of commodity prices and pricing of derivative contracts have been studied extensively in the field of financial economics. The standard approach in this literature is to specify the stochastic dynamics of an underlying asset, usually the spot price of the commodity under investigation, by a series of stochastic differential equations, and derive from the suggested model valuation formulas of various derivative contracts whose payoff depends on the value of the underlying asset realized at the contract maturity date [7] . 1 Recent advancements in this modeling approach have been attained through increasing the number of state variables to specify the stochastic dynamics of the underlying spot price and/or stipulating more complex stochastic process of each state variable. These flexible models generally exhibit better fit to the observed price data. Yet, it is often understated that these models only approximate true stochastic dynamics of commodity prices. In particular, the theory of storage illustrates that, for a commodity with significant storage cost and seasonality in demand and/or supply, an equilibrium path of spot and futures prices is highly non-linear and cannot be expressed in a reduced form even in a simulation setting [25] . Thus, no matter how flexible they are specified, models specifying the dynamics of commodity prices are intrinsically subject to approximation bias.
The main objective of this study is twofold. First, this study examines bias in a two-factor term-structure model of commodity prices widely considered in the literature. The second objective of this study is to propose a sequential procedure to estimate parameters in a term-structure model of commodity prices. In this alternative approach, a subset of model parameters is first estimated on the first difference of observed futures prices so that the estimated parameters are free from bias in specifying deterministic price variation and the dynamics of the state variables. In the second step, the remaining parameters, those determining seasonal mean prices and deterministic variation in the state variables, are estimated on the futures price equations while holding the parameters estimated in the first step. The proposed sequential method is evaluated empirically by its ability to forecast subsequent period futures prices, relative to the forecast based on the model estimated by the standard method of estimating all model parameters simultaneously.
Empirical applications of the model to four commodities with different characteristics (crude oil, natural gas, gold, and corn) illustrate that the conventional approach of estimating all model parameters simultaneously yields the variance of the idiosyncratic error that is substantially greater than the variance estimated on the first difference model. The result indicates that deterministic price variation and the dynamics of the state variables as specified in a conventional two-factor model are subject to an approximation bias of substantial size.
The estimates of other model parameters also differ considerably between the two estimation methods. In particular, the simultaneous estimation method yields substantially lower seasonal mean price estimates and predicts higher values of the state variables for natural gas and gold than the sequential estimation method. Out-of-sample forecast test shows that the model estimated by the sequential method yields considerably more accurate forecast than the model estimated by the simultaneous method for natural gas, gold, and corn. For crude oil, the two estimation methods yield the forecasts with roughly the same accuracy.
The next section reviews the conventional approach to modeling the term structure of commodity prices and illustrates that this modeling approach is inherently subject to approximation bias. The section then proposes an alternative approach to the estimation of 3 the model parameters. Section three estimates a two-factor term structure model with data from four commodity markets and examines the model's bias in approximating the true price dynamics by comparing the estimated model parameters between the two estimation methods. The section also compares the two estimation methods by their relative accuracy in forecasting out-of-sample data. Section four concludes the paper.
Bias in Term-Structure Models of Commodity Prices
A conventional approach to modeling term structure of commodity prices can be exemplified by the two-factor model of Sorensen [19] . In this model, the log spot price of the commodity is specified as a linear combination of three components; seasonal mean price and long-term (LT) and short-term (ST) deviation from seasonal mean price. The model takes the following form, 2 The price in period t of the futures contract that matures in period T is obtained as the period t conditional expectation, under the risk-neutral probability measure, of the spot price in T. For the spot price following the stochastic process in (1), the pricing formula of this futures contract is obtained as, 3 Sorensen [19] applies the model (1) to the term structure of three agricultural commodity futures (corn, wheat, and soybean). Manoliu and Tompaidis [12] and Lucia and Schwartz [11] consider the same model in their analyses of natural gas and electricity prices, respectively. 3 The pricing formula (2) assumes constant market price of risks. See Sorensen [19] Term-structure models similar to (1) have been considered widely in the literature. 4 For example, Gibson and Schwartz [6] and Nielsen and Schwartz [14] consider a model similar to (1) in analyzing oil and copper, yet without a seasonal variation in mean price. 5 Models with more than two factors are also suggested in the literature. For example, Schwartz [16] extends the model (1) by adding a third factor representing the stochastic interest rate and applies it to 5 gold, copper, and crude oil. 6 Casassus and Collin-Dufresne [2] also consider a three-factor model, yet allow the three factors to follow a more flexible stochastic process than Schwartz [16] . Cortazar and Naranjo [4] extend the model into a general n-factor setting, with each factor assumed to follow a Gaussian process.
With an increased number of state variables and/or more complex stochastic process stipulated on each variable, these flexible models generally exhibit better fit to the observed data. However, it is often understated that these models, even recently developed flexible models, only approximate the true stochastic dynamics of commodity prices. As shown by the theory of storage [15, 25] , for a commodity with significant storage cost and seasonality in demand or supply, an equilibrium path of spot and futures prices exhibits highly non-linear dynamics. In particular, prices of concurrently traded futures contracts with different maturity dates are linked through inter-temporal arbitrage, yet this inter-temporal price link breaks at the end of demand year when discretionary inventory is driven to zero. This implies that cross-sectional price correlation across concurrently traded contracts varies discontinuously across season. 7 Stochastic processes of the underlying spot price stipulated in models of commodity price dynamics, even recently developed flexible models, cannot induce a futures price formula that replicates these complex dynamics of commodity futures prices.
Bias in approximating the true price dynamics can be very large for models imposing strong restrictions on the dynamics of the underlying spot price. The magnitude of this bias cannot be quantified either empirically or theoretically in the absence of a reduced-form expression of an equilibrium price path. One way to measure this bias, as proposed in this paper, is to compare the model defined in (3) and (4) with its first difference form,
, , , With the assumption that the innovations to the two state variables follow standard Brownian motions, the vector of innovation errors in (5) is serially uncorrelated and identically distributed with
where H is as defined before. Thus, the vector of coefficients appearing on the model (5), 1
, can be estimated by the method of maximum likelihood.
As is clear from the comparison of the first difference form (5) with the original futures price equations (3) and (4), first differencing eliminates the term ( ; ) ftb from (5) . The absence of the drift parameter  in (5) also indicates that the first differencing eliminates any deterministic variations in the dynamics of the two state variables 1 x and 2
x . The two latent factors 1 v and 2 v in (5) are the innovations to the state variables. Thus, the first difference form (5) allows the possibility that the dynamics of the two state variables involve deterministic variations more flexible than those assumed in (1) . The stochastic dynamics of the two state variables are also not explicit in (5) . They remain only partly and implicitly in (5) by restricting the factor loadings that link two latent factors 1 v and 2 v to observed futures prices. Specifically, the loadings of the LT factor are unity for all contracts and for all trading days whereas those of the ST factor decay exponentially with time-to-maturity  at the rate of   exp( ) due to the specification that 1 x and 2 x follow a BM with drift and the MR process, respectively. Because the dynamics of 2 x is not explicit in the first difference form (5), the value of  is determined by the cross-sectional differences in the price movements of concurrently traded contracts in estimation of (5), rather than being estimated on the stipulated stochastic dynamics of 2 x .
Since the first difference form (5) avoids specifying seasonal and other deterministic price variation and the dynamics of the two state variables, the parameter vector 1 Ω estimated on (5) is free from bias in specifying these dynamics. These two sources of bias can be quantified by comparing the estimate of 1 Ω with the corresponding parameters estimated on the original futures price equations (3) and (4). In particular, the two sources of bias interact with each other and are reflected in the measurement error on the right-hand side of (3). Thus, 7 comparing the variance of the measurement error estimated on (5) with the one estimated on
(3) and (4) provides a measure of the two sources of bias.
The first difference form (5) also facilitates an alternative approach to the estimation of term-structure models of commodity prices. In this approach, the model parameters are estimated in two steps. In the first step, a subset of the parameters that appear in the first difference form is estimated. In the second step, the remaining parameters are estimated on the futures price equations, while holding the other parameters at their estimates from the first step. For the two-factor model defined in (1), as an example, the set of parameters
is first estimated on the first difference form (5) . In the second step, the remaining parameters 2 { , }   Ωb are estimated on the futures price equations (3) and (4), holding 1 Ω at its estimate from the first step. The estimate of 1 Ω from the first step of this sequential procedure is free from bias in specifying ( ; ) ftb and the deterministic variations of the two state variables. In the second step, equations (3) and (4) 
Empirical Applications
In this section, the two-factor term-structure model defined in (1) is estimated with empirical data. The model is estimated in its original state-space form (3) and (4) as well as in its first difference form (5) , and the magnitude of the model's misspecification bias is examined by comparing the model estimated in the two forms. The section also compares the suggested sequential estimation method with the conventional estimation method by their ability to forecast futures prices in subsequent periods.
Data
The two-factor term-structure model of commodity prices defined in (1) is estimated in its original state-space form (3) and (4) and its first difference form (5) . The model is estimated with the empirical data from the markets for the following four commodities with different characteristics:
 Natural gas -consumption commodity with strong seasonality in demand,  Corn -consumption commodity with strong seasonality in supply,  Crude oil -consumption commodity with very weak seasonality in demand and supply, and  Gold -investment commodity with virtually no seasonality either in demand or supply.
The model is estimated with the daily settlement prices of futures contracts traded at the New York Mercantile Exchange (crude oil, natural gas, and gold) and Chicago Board of Trade test. Because long-dated contracts do not trade actively, the prices of contracts of more than twelve months to maturity are excluded both from the model estimation and from the forecasting test, except that prices of contracts of no more than eighteen months to maturity are analyzed for corn. Excluding these observations leaves 75,882 prices among 329 contracts for crude oil, 57,960 prices among 245 contracts for natural gas, 46,628 prices among 179 contracts for gold, and 52,131 prices among 151 contracts for corn. 9 
Model specification
In estimating term-structure models similar to (1) , previous studies commonly specify that the variance of the measurement error varies by the delivery month of the contract and not by the time-to-maturity or by the trade date. The specification simplifies the variance of the measurement error on the right-hand side of (3) to 22
where m(T) converts the maturity date T into the contract delivery month. Suenaga [20] illustrates that this simple variance structure is empirically not supported and a more flexible variance structure is necessary to replicate the complex volatility dynamics for all four commodities examined in this study. Given this finding, I specify the variance of the measurement error by a flexible function as in (6) so that the variance can vary both by time-to-maturity and by the delivery month of the contract, 10 8 The model is estimated with the data prior to the global financial crisis (GFC). The two-factor Gaussian model defined in (1) is not specified to accommodate large price swings experienced during the GFC.
Thus, estimating the model with the data inclusive of the GFC period would imply even greater approximation bias than the level reported in Section 3.3. 9 Of these observations, 70,800 prices (307 contracts), 52,780 prices (223 contracts), 43,820 prices (168 contracts), and 48,762 prices (142 contracts) are used to estimate the model for crude oil, natural gas, gold, and corn, respectively. 10 A common specification in the literature for the deterministic price variation ( ; ) ftb is to allow the seasonal mean price to vary by the delivery month of the contract. The specification is implemented with a set of dummy variables as follows, 
Estimation results
It is illustrated in Section 2 that the errors in specifying deterministic price variation and the dynamics of the two state variables are quantified by comparing the estimates of the variance of the measurement error between the two estimation methods. Figures 1 through 4 plot the variance of the measurement error calculated based on the estimate of the variance function Schwartz Information Criterion support the model allowing flexible variance structure of (6) over the restrictive specification. The specification of variance structure of the measurement error, however, does not alter the main results reported in the rest of this paper. estimated on the first difference form (5) exhibits a strong time-to-maturity effect. That is, for all four commodities, the variance of the measurement error increases rapidly as the contract approaches its maturity date. The variance also indicates strong seasonality for the three consumption commodities. For natural gas, the variance in the last two months of trading is highest for contracts maturing in winter when demand peaks for space heating. For crude oil, the variance is high for contracts maturing in summer and winter. For corn, the variance is particularly high for the July contract, because the low inventory right before the arrival of a new harvest does not allow unexpected price shocks to be absorbed through the inventory adjustment. The variance of the measurement error is also high for the October contract of gold, which is known to have a substantially low trading volume relative to the other five contracts.
[ Tables 1 through 4 report the estimates of the other parameters in model (1) . In each table, panels (a) and (b) report the estimates obtained by the simultaneous method and those obtained by the sequential method, respectively. There are several interesting observations in comparing the results obtained by the two estimation methods. First, the coefficient estimates for the seasonal mean prices can differ substantially between the two estimation methods. In particular, the sequential method yields substantially greater mean price estimates for natural gas and gold and lower estimates for corn than the simultaneous estimation. For crude oil, the estimated mean prices are larger but only slightly so for the sequential method than for the simultaneous method.
[TABLES 1-4 SOMEWHERE HERE]
These differences in the estimates of the seasonal mean prices imply that the sequential estimation predicts lower average values of the state variables for natural gas and gold and higher average values for corn than the simultaneous method. This is indeed the case and verified in Table 5 , which reports the sample mean and standard deviation of the state variables predicted through the Kalman filter. For natural gas, the sample mean of the predicted LT factor is substantially greater for the simultaneous estimation than for the sequential estimation (0.623 and 0.471, respectively). For gold, the predicted LT factor is smaller for the simultaneous estimation (-1.331) than for the sequential estimation (-0.755).
However, the sample mean of the predicted ST factor is greater for the former (0.879) than for the latter (-0.042) by a magnitude greater than the difference in the predicted LT factor. For corn, the predicted ST factor is substantially smaller for the simultaneous estimation (-0.138) than for the sequential estimation (-0.019). The estimates of the drift parameter µ are also consistent with the predicted values of the LT factor. The simultaneous estimation method yields a substantially higher (lower) estimate of the drift rate than the sequential method for natural gas and corn (gold), for which the predicted values of the LT factor are substantially higher (lower) by the former than the latter estimation method.
[TABLE 5 SOMEWHERE HERE]
The second interesting observation in Tables 1 through 4 is that, for all four commodities, the estimated mean-reversion coefficient  is very small, implying a very high persistence of the ST factor. The estimated mean-reversion rates translate into an autoregressive coefficient of close to one and slightly higher for the simultaneous estimation than for the sequential estimation. A well-known downward bias in the estimate of the autoregressive coefficient predicts that the simultaneous estimation of the mean-reversion rate is biased upward yet the bias is almost negligible due to a large sample size. The results shown in the tables oppose this prediction. For all four commodities, the estimated mean reversion rate is higher (implying lower persistence) for the sequential estimation than for the simultaneous estimation. This result indicates that the cross-sectional differentials in the observed daily price changes imply a lower persistence of price shocks than the stochastic process of the underlying spot price as estimated with a panel of the observed futures prices.
Third, the estimates of the two diffusion parameters 1  and 2  are of similar magnitudes for the two estimation methods, except that, for gold, 2  estimated on the futures price equations (3) and (4) is much greater than the same coefficient estimated on the first difference form (5) . This result is consistent with the distribution of the predicted factors. In Table 5 , the sample standard deviations of the predicted factors differ only slightly between the two estimation methods for crude oil, natural gas, and corn. For gold, however, the sample standard deviation of the predicted ST factor is substantially greater for the simultaneous estimation than for the sequential estimation.
From equation (5), the variance of the daily futures returns is obtained as:
The sum of the first three terms on the right-hand side of (8) commodities, due to the MR process stipulated on the ST factor. For crude oil, natural gas, and corn, these dynamics are almost identical for the two estimation methods, except that the rate of this decrease is slightly higher for the sequential estimation than for the simultaneous estimation due to the lower mean-reversion coefficient estimated by the former method than by the latter. For gold, the variance attributable to the two common factors is substantially higher for the simultaneous estimation than for the sequential estimation because the estimated diffusion parameter of the ST factor is substantially higher for the former than for the latter method. This difference in the variance of the ST factor implied by the two estimation methods represents the bias in specifying the deterministic price variation and the dynamics of the two state variables. For the other three commodities, these biases are almost all captured by the measurement error. For gold, a dominant share of the bias is captured by the measurement error, yet a considerable amount of the bias is also captured by the ST factor, most likely because the bias is correlated across concurrently traded contracts.
[FIGURE 5 SOMEWHERE HERE] 13
Finally, in Tables 1 through 4, the estimates of the market price of risk parameters are very small for all four commodities and for both estimation methods. Interestingly, some of these coefficients are found significant by the simultaneous estimation, due primarily to the small standard errors. In contrast, the estimated market price of risk parameters are insignificant for all commodities by the sequential estimation method.
Forecasting test
In this section, I compare the model estimated by the two methods by their relative accuracy in forecasting out-of-sample futures prices. The price in period 1 t of the futures contract maturing at 1 T is given by (3) as, 
Using the coefficients estimated with the data up to December 31, 2007, I compute the price forecast, according to (8) , for the futures contracts no more than 12 months to delivery (18 months to delivery for corn) that are traded over the period between January 1, 2008 and October 2, 2009. The forecast accuracy is compared between the two estimation methods by the root mean squared error (RMSE) of the resulting price forecasts. 
Conclusion
In this paper, I consider an alternative approach to the estimation of a term-structure model of commodity prices. In this approach, the model parameters are estimated in two steps; in the first step, the subset of model parameters is estimated on the first difference of 
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The estimates of other model parameters also differ substantially between the two estimation methods. The estimated mean-reversion coefficient is slightly lower (implying higher persistence) for the simultaneous estimation than for the sequential estimation. The market price of risk parameters estimated by the simultaneous method are significant for some commodities while those estimated by the sequential method are insignificant for all four commodities. The sequential estimation yields substantially higher estimates of seasonal mean prices for natural gas and gold and slightly lower mean prices estimates for corn than the simultaneous estimation. The predicted values of the latent state variables differ substantially between the two estimation methods, in accordance with the difference in the estimated seasonal mean prices. Without observing the true stochastic dynamics, one cannot quantify the relative magnitudes of bias in the estimated model parameters by the two estimation methods. However, an advantage of the suggested sequential estimation method over the simultaneous method is illustrated by the out-of-sample forecast test, which indicates that for three of the four commodities the model estimated by the sequential method yields a substantially more accurate price forecast than the model estimated by the simultaneous method. 
